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Abstract. Let g be a Lie algebra, f) C Q a subalgebra and A a character of \) and e a formal 

•0 (u± J« 



deformation parameter. In this paper we compute a character for the reduction algebra H9^(t)j-,d^± ) 



and its specialization H^ e=1 ^(i)j^ , d^l J' 1 ) via deformation quantization as in |18j.[9].[7]. Then we compare 

this construction with the computation of the character for the Penney eigendistribution < a(f),ip >:= 

J H/HnB tP(h)ef^d H/HnB (h), V £ C™(G,B, X f), as in [TJ , M , M , SU • Using a double induction 

on dimg, dirnt) it is proved that if the lagrangian condition (g nilpotent and 30 C All) 1 , s.t VZ G 

O, 2[dim(H ■ I)] — dim{G-l)) holds, then the two computations coincide on the level of H^ e _^(f)^, d^T^)- 

Finally we apply our results in an example of a 5-dimensional nilpotent Lie algebra and compute a term 
or order 3 with rational coefficients in the character formula. 

| Keywords: Deformation quantization, Penney eigendistribution, invariant differential operators, nilpo- 

tent Lie algebras. 

< 

O^! 1 Introduction. 

•s. 

In this section we recall basic results from non-commutative harmonic analysis and review the construc- 
tion of a character of (U(g,)/U(g)i) from representation theory. We also recall the facts and techniques 
that we need from deformation quantization. Our main references here are (4j , [10] , [14] , [15] and [TB] 
■ for the representation theoretic part, and jl8j.jp] .[7] .[5] .[5] for deformation quantization. 

> 

00 , General setting. Let G be a real nilpotent, connected and simply connected Lie group with g 

Q\ ■ its Lie algebra, f) a subalgebra of g, A G f)* such that A( [fj, f)]) = 0, a character of f). For Y & rj, 

Xx ■ H — > C defined by XA(expF) = e lX ^ Y \ is a unitary character of H, the Lie group associated to f). 
Let G°°(G, H, xx) be the vector space of complex smooth functions 8 on G that satisfy the property Wi G 
ff") \ H, V<? G G, 9(gh) = \x Let also B(g, f), A) be the algebra of linear differential operators, that 

leave the space C°°(G, H, xx) invariant and commute with the left translation on G, i.e \/g G G, VD G 
D(g,f),A), V0 G G°°(G, 7J, xa), it is D(C°°(G, H, xx)) C G°°(G, ii", xa), and D(L(g)9) = L(g)(D(9)). 
Koornwinder in |19j proved that there is an algebra isomorphism 

pj. (c/(8)Mb)W"^%U). (i) 

. One can furthermore define the induced representation from H, xx as t\ := Ind(G t H, xx) with Hilbert 

space Hx '■= L 2 (G, H, A) the separable completion of G^°(G, H,xx), the compactly supported functions 
of G°°(G, if, xa), with respect to the norm \\(f>\\2 = J G / H \<P(9)\ 2 dG/H{9)- The action of G on </> G 
L 2 (G,H 7 \) is translations by left: T\(g)((f>)(g') = 4>(g~ 1 g'). These data correspond to a line bundle Cx 
with base space G/H and space of sections these functions 4>- Set gc '■= 0<8>C and Uc(g) ■= U(g)®C Let 
w S (J7c(fl)/^c(fl)^iA) 6 , where t/ c (g)f)iA is the left ideal of t/ c (g) generated by f) iA := {H+iX(H), H G h}, 
and D u be the left invariant differental operator associated to u. The action of g on Hx will be noted 
by dr\ and for X G g, g G G, it is defined by dT\(X)((f>)(g) = ^</>(exp — tX ■ g)\t=o- Sometimes we'll 
write also dT\(X)((f>)(g) = Lx{4>){g)- This action induces an action of C/c(g), on Hx that will be denoted 
also by dr\. Let H^°° be the space of antilinear continuous forms on H^, the later being the dense 
subspace space of C°°— vectors of Hx (a function <f> G Hx is G°° if the map G 3 g t-> T\{g)<f> is smooth 
w.r.t the norm). The action of £/c(g) on H~^°° will be denoted by dr^ 00 and the action of Uc(g) on 
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H^ is denoted respectively by dr£°. If u = X1X2 ■ ■ ■ X n , Xi G is an element of Uc{g) we set 
u l := (—X n )(—X n -i) ■ ■ ■ (— Xi), u* := (— X n )(— X„_i) • • • (— Xi) where the bar stands for the complex 
conjugate. Let now {Xi, . . . ,X„} be a PBW basis of g. For u G Wc(fl), 3(fc s ) se N™, fcs G C, such that 
u can be expressed uniquely as u = ^ s =(si ,„) ^gX^ 1 ■ ■ ■ X* n . Let R(X)(4>)(g) := Jj0(<? ■ exptX)| t=0 . 
Then the differential operator D u acts on the space of sections by D u (cj))(g) := R u ((f>)(g) where R u = 
J2 S k s R(Xi) Sl ■ ■ ■ R(X n ) Sn . Let b be a polarization of / € A + \)^ and B the associated to b Lie subgroup 
of G. The map Xf '■ B — > C, defined as VA' G b, x/(cxp A) = e l ^ K \ is a unitary character for B 
and the induced representation from B, Xf is Tf = Ind(G t B, Xf) with Hilbert space Hf = L 2 (G, B, /). 
The norm used here is the one coming from the product V^i, V^2 G L 2 (G, B,Xf), < ^{x) >:= 

Jg/b < t ) i{g)4'2{g)'^G/B{g)^ f° r an invariant measure d G / B on G/B. Finally denote as HJ 00 the antidual 
space of the G°°— vectors of Hf and as HJ°°' H the £f— semi- invariant distribution vectors f |15j). 

Penney vectors. Let d H / HnB be a left-invariant measure on H/H n B and a/ £ 00 defined as 

<«/,</>>= / <l>(h)x\(h)d H/HnB (h) for € Hf . (2) 
Jb/bhb 

The vector af is If — semi-invariant ( [4]). Because of this equivariance property of a/, the algebra 

(Uc^/UciQ^-if)^ is acting on a/. Denote as (j 1 - := e g*//(b) = 0} the annihilator of t). A very 
important condition for this paper is the lagmngian condition which in algebraic terms is the following: 

30 cHf) 1 a non-empty Zariski-open set, such that V/ € 0, dim(f) • /) = — dim(g • /). (3) 

We will say that / eg* satisfies the lagrangian condition (w.r.t h) if dim(f)-/) = | dim(g-/). Alternatively 
and depending on the context, we will call f) lagrangian with respect to / if it's simultaneously isotropic 
and coisotropic with respect to Bf, the Kostant form for /. Recall that if the H ■ f orbits are lagrangian 

in the G • / orbits (as Poisson submanifolds), then (C/c (fl) /C^C is commutative (for this result 
see [TT] § 5, Theorem 5.4 and Corollary 5.5). Let I G A + b, 1 - and q(1) be the stabilizer of I. Such an I 
will be called regular if dim($j(Z)) is minimal among the dimensions dim({j(£)), £ G A + i) . The regular 
elements form a non-empty Zariski-open set. Furthermore, an I G A + h, will be called generic if it is 
regular and satisfies the lagrangian condition. The set of generic elements is still a Zariski-open set. We 
suppose here that this set is non-empty. For the proof of the next result see [T5] Theorem 1, pp.757. 

Theorem 1.1 ( [16] ) Let q be a finite dimensional Lie algebra, f) G a subalgebra and A a character 
of f). Suppose that generically t\ = Lnd(G j" H,x\) is of finite multiplicities. Then for generic I G 
A + I] 1 - and for A G (Uc(Q)/Uc(Q)f)u) > d.i~i(A)(ai) is a multiple of on, and there is defined a character 
A ; : (U c (g)/U c (3%i) h — > C such that 

dr i (3)(a i ) = Ap)a i . (4) 

Deformation quantization ([18]). If A is a Poisson manifold, a star- product on G°°(A) is an 
R[[e]]-bilinear map G°°(A)[[e]] x G°°(A)[[e]] — > G°°(A)[[e]], (f,g) f * g, such that for f,g,h G 
G°°(A), / * g = f ■ g + J2iLi Bi(f,g)e l , the Bi being bidifferential operators, {f * g) * h = f * (g * h) and 
f ^ I = 1# f = f, To write his *— product formula, Kontsevich used a family Q„ i2 of graphs T described 
as follows: The set V(T) of vertices of T is the disjoint union of two ordered sets Vi(r) and V2(r), 
isomorphic to {1, ... , n} and {1, 2} respectively. Their elements are called type I vertices, for Vi(r), and 
type II vertices, for Va(r). The set E(T) of edges of the graph is finite and all elements of E(T) are 
oriented. If S(r) is the set of edges leaving from r 6 V\ (r) then #5(r) = 2 and X^eVi(r)nv 2 (r) S( r ) = 2n, 
that is no edge leaves from a type II vertex. Furthermore every set S(r) is ordered and no loops or double 
edges are allowed. E(T) is ordered in a compatible way with the order in Vi(r), and S(r), r G Vi(r). 
One associates a differential operator to each such graph: If {xi, . . . ,Xk} are coordinate variables of X 
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and 7r is the Poisson bivector describing the Poisson structure on X, then to 7r and a graph T £ Q,i,2 
we associate a differential operator in the following way: Let L : E(T) — > [1, k] := {1, . . . , k} be a 
labelling function of the edges of the graph. Fix a vertex r 6 [1, n] and let S(r) = {ej., . . . , e%} be the 
ordered set of edges leaving r. Associate the function Tt L ( e r)> L ( e r ) to r, where tt 1 ^ is the matrix describing 
the Poisson structure. On each vertex of V^T) we associate respectively a function F,G £ C°°(X). To 
the p th — edge of S(r), associate the partial derivative w.r.t the coordinate variable x L ( e pyThis derivative 
is acting on the function associated to the vertex w £ Vi(T) U V^r) where the edge e v r arrives. Let 
(p, m) £ E(T) represent an oriented edge from p to m. Then if {1, 2} = V^T), 



B£(F,G):= 

L:E(V)->{l,k] 



#W(r)) / 

n n d m )^^ 

r=l \SeE(T), S=(-.r) 



(5) 



\SeE(r), 5=(-,i) / \seE(r), 5=(-,5) / 

The last ingredient for Kontsevich's *— product formula, the coefficient wr- Let T~L = {z £ C/3m(;z) > 0} 
be the upper-half plane and let H + — {z £ C/3m(z) > 0}. Embed an admissible graph T in T~L by 
putting the type II vertices on the real axis and letting the type I vertices move in % + . Let C^ lln be 
the connected configuration manifold '■= {(zi, ■ • ■ , z n , z-, zj) £ C^j/Vi < j, z- < zj}- Consider 
now the manifold 6*2,0 (the hat denotes its invariance under horizontal translations and dilations), and 
a map, called the angfe map, 4> '■ C*2,o — > M/27rZ, (21,22) 1— > angle{< zi,+ioo >,< z\,Z2 >), where 

< zx, +ioo > stands for the geodesic (with respect to the Poincarc metric) passing by z\ and +ioo, and 

< Z\, Z2 > stands for the geodesic passing by z\ and Z2- For e = (z^, Zj) an edge of T, let p e : C n ,m — > 
C-2,o, (zi, . . . , z n , Zj, . . . , zjn) !— > {zi, Zj) be the natural projection. One then defines a form on C n ^n, 
setting pl(d(j)) ~: d<f) e £ ^{Cn^n)- Then define fir to be the form ilr '■= A e eE(r) an( ^ nnau y the 
Kontsevich coefficient uy := (- 27r ^i+m-^ Jq+ ^r- 



Theorem 1.2 ( |18j ) Let X,ir be a Poisson manifold. Then for f,g £ C°°(X), the operator f *k 9 '■= 
Q„.2 W r-Bf (f,g) ) is an associative product. 

Biquantization, colored graphs, bidifferential operators and coefficients (|6j,|7j,[9j). In two 

fundamental papers |SJ, [7], A. Cattaneo and G. Fcldcr, expanded the formality Theorem of M. Kont- 
sevich for the case of one coisotropic submanifold C of a Poisson manifold X. We adjust their results in 
our setting in the sense of [9]. Let (X, tt) be a Poisson manifold and C a submanifold. Then C is called 
coisotropic if the ideal 1(C) C C°°(X) of functions vanishing on C is a Poisson ideal of C°°(X). It is clear 
that in the Lie case, for a subalgcbra f) C g, the annihilator f) x (and also g*) is a coisotropic submanifold 
of g* with the natural Poisson structure induced by the Lie bracket, tt = §[•,•]. Let now the edges of a 
graph be colored, either as (+) or as (— ). Double edges are not allowed, meaning edges with the same 
color, source and target. Let q be a supplementary space of f), that is g = f)©q. Let also {Hi,H 2 , ■ ■ ■ , H t } 
be a basis for f) and {Qi, ■ ■ . , Q r } a basis for q. We identify spaces q* ~ g*/()* — f)" 1 . Graphically, the 
color (— ) will be represented with a dotted edge and the color (+) will be represented with a straight 
edge. Recall that in order to construct the differential operator Br corresponding to a given graph, 
we associated a coordinate variable to each edge of the graph. In terms of g*, let {H*, if| j • • • > H?} 
be the corresponding basis of f)* and {Ql, ■ ■ ■ ,Q*} the basis of q*. Let (£*)i=i,..., n be the coordinates 
relatively to the basis {HI , . . . , H^,Ql, . . . , Q*} and let T be an admissible graph with two colors. To 
T is associated a 2-colored 1-form fir and a 2-colored coefficient wr setting <fi + : C2.0 — > M/27rZ to 
be the function + (zi,Z2) := arg(z\ — Z2) + arg(z\ — ~Z2~) and 0_ : 62,0 — > M/27rZ be the function 
4>^(zi,Z2) := arg(z\ — Z2) — arg[z\ — zj). These functions extend to 6*2,0 and thus can be used for 
definitions analogous to Kontsevich's. Note that d</>+(zi, Z2) = d(/>-(z2, z±). This means that for the cal- 
culation of uJr, an edge is equivalent with the reversed edge carrying the opposite color. The form fir of a 
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2-colored graph T is similarly defined as fir '■= A eg £;(r)d^'. l e where d</>+ je = p*(d</>+ 
when e £ E(T) has color +/— respectively, and the colored coefficient is ZJr '■= 
,(2) 



(2tt) 



e = P ;_(_d0_), 

JW, fir. If 



Q,\^2 denotes the set of admissible graphs with two colors and two type II vertices, the formula ([5] of 
B(T) in this case has to be modified in the following sense: For e G E(T), let c e G {+,— } be its 
color and let L : E(T) — ► {1, . . . , t, t + 1, . . . t + r}, where t = dim(f)*), r = dim(q*), satisfying 
L(e) £ {1,. . . ,t} if c e = — , L(e) £ + 1, . . . , t + r} if c e = + be a 2-colored labelling function. 
By its form, variables of f)* are associated to the color (— ) and variables of q* are associated to (+). 
Then, for F, G £ S(q), the formula of colored bidiffcrcntial operators Bp is the same as in ([S]) but using 

(2) 

the 2-colored labelling function L that we just described and the family Q ? \ ' 2 instead of Q ra> 2- Theorem 
Ocan be generalized in the following sense: The product * C F,e ■ C*°°(C)[e] x C*°°(C)[e] — + C°°(C)[e] 
given by the formula F *cf,cG := F ■ G + X^Li e ™ (^T SreQ (2) ^r-Sp(F, G) ~\ , is associative and will be 

called the Cattaneo-Felder product. We now specify some special colored graphs that we will use (see 
[9] § 1.3, 1.6 and [2] § 2.3). They are colored graphs that have an edge with no end colored as (— ) 
(associated to variables in q*). We'll say that this edge "points to oo", denote it by e^x,. Denote this 
family of graphs as Q2°™. 



Bernoulli. The Bernoulli type graphs with i type I vertices, i £ N, will be denoted by Bi. They 
derive the function F i times, have 2i edges and leave an edge towards oo. These conditions imply the 
existence of a vertex s £ Vi(T) that receives no edge, called the root of V. 

Wheels. The wheel type graphs with i type I vertices, i £ N, will be denoted by W,. They derive 
the function F i times, have 2i edges and leave no edge to oo. 

Bernoulli attached to a wheel. Graphs of this type with i type I vertices, i £ N, will be denoted 
by BWi. They derive the function F i — 1 times and leave an edge to oo. For an W TO — type graph W m 
attached to a Bi~ type graph B[, we'll write BiW m £ B{W m . Obviously B{W m C BWi +m . 

Let us now give the definition of the reduction algebra without character. Let {ej , . . . , ef } be the 
ordered set of edges leaving the vertex I £ Vi(r) of a colored graph £ Q^\. For such a T and using 
the notation H* := di, let Br : S(q) — > S*(q) <g> t)*, F >-> Br(F) be the operator defined by the formula 



Br(F) 



E 



L;E(T)^[[l,t+r): 
L colored 



n n ■ 

r=l \£E(r), e=(-,r) 







j 7r i(eJ)i(e=) 


X 



n d 



He 



F 



£E(T) 



H 



L(e 



(6) 



We denote as d^l 

Oil 



5(q)[e 



5(q)[e] <g> f)* the differential operator d^ 



ESl e< 4^,q WherC 



SreB-uBW- w ri?r and define the reduction algebra if^ e j(f)- L ,d^L „) 01 polynomials in e as the 



vector space of solutions of the equation 

,(0 



(7) 



equipped with the *cf.e— product, (which is associative on (f)- 1 , df± ) by [7]). 



H°(f)" L , d(,x q). The system ([7]) can also be written as homogeneous equations this time not using 
the degree on e, but instead the degree deg q of each operator Br- This results in the same system of 
homogeneous equations for a function F = X™=o F^ n ~ 1 ^ in S'(q) with each F^ being a homogeneous 

q : 5(q) — > S(q) <g> f), the differential operator 

*x, q = EreBiUBWi ^r-Br, " 

0. The Cattaneo-Felder construction without e 

dh-L q). In the 



polynomial of degree k (deg q (F^) = k). For d^j 

d't) ± .q — c%± where d^}_ = Xree ubw ^r-Br, we denote as i?°(^- L , d^^) the vector space of 

polynomials F, solutions of the equation d l) ± q (F) 

is still valid for polynomial functions and defines an associative product *cf on H°(fy- ,u,hj 
sequence H° , d h ± q ) will stand for the algebra (iT ^ -1 , d t) ± „), *cf) ■ 
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H °)(^' d S, q ) and H^C^dJ^). Let ^ := {/ e fl *//|„ = -A} = -A + ^ C g*. On 
—A + f)- 1 - define the reduction algebra i?^ (b^, a£± (] ) using the deformation parameter e with the same 
way as in the vector space case. We denote by if^(f)^, d^l ^) the algebra of non deg q — homogeneous 
e— polynomials P(e)i solutions of the equation d^]_ (P( e )) — 0? equipped with the *cf.e product, and the 
specialized algebra of b{ as ff° =1) (f)^, c^T^) := A > ^ q)/ < e ~ 1 > ) ' Thc Cattaneo-Fclder 

product on -ff(° e=1 )(f)f , c^jT* ) will be denoted also as *cF,(e=i)- ^ n the same way we will consider the 
associative algebra ^i/°(bf, d^j. q ),*CF^) denoted simply as iJ°(bf , d^j. q ). 

An important feature introduced in [6|-[7] is the biquantization (and triquantization) diagrams. In 
this paper we are using the biquantization diagrams of g* , of — / + b , t)j^ and the triquantization 
diagram of g* , bf, — / + b\ for b polarization with respect to /. More specifically there are bimodulc 
structures of the reduction space (corresponding to the intersection of the two coisotropic submanifolds) 
at the corner of each such diagram with respect to the reduction algebras in the axes. For example in 

the biquantization diagram of -/ + b ± ,-A + t) x , there is a right if^(f)^, a^± (] )— module and a left 

H( e )(—f + %]_)— module structure of H® e J—f + (b + b)^, djf[ b± ) (reduction space at the origin of 
this diagram). 

The paper is structured as follows: Section 2.1 contains Theorem 12.21 that constructs a character 
for the associative algebra (U^(g)/U^ e - ) (g)t)f) l) . We explain how the lagrangian condition permits us 
to construct many characters for this algebra. Section 2.2 is introducing the algebra §(g, h, A) of afEnc 
symbols. It is equipped with a more or less natural Poisson structure and we use it to relate the 
commutativity of this algebra with thc commutativity of H^(\)^, aH_ ). In section 2.3 we prove Theorem 

12.61 which is the corresponding result of Theorem 11.11 in the real case for the specialization algebra of 
differential operators ©( f), A), and prepare the ground for thc proof of the central result of this paper, 
Theorem 12.81 It states that the characters constructed in Theorems 12.21 and 12.61 actually coincide. In 
section 3, a detailed example of a specific nilpotent Lie algebra, originally treated by Fujiwara, is used to 
compute the same characters but via deformation quantization. Thc benefit is that an explicit formula 
for characters of (Uc(g) /Uc(g)b,ix) l> is obtained thanks to these techniques. An interesting and unknown 
term with rational coefficients appears in this formula. 



2 Construction and comparison of characters. 
2.1 Construction. 

Let b be a polarization of / € g* and b C a subalgebra .We'll call q a transversal supplementary of b 
with respect to b if it satisfies b = b(~1b©bnq and of course g = b ffi q. It will be denoted as qt,- We'll 
need thc following from [5]. 

Proposition 2.1 ( |9j) Let g be a real Lie algebra, b C a subalgebra and / eg* s.t /([b,b]) = 0. 
Suppose that there is b a polarization with respect to f and that b is lagrangian with respect to f. 
Construct the biquantization diagram of — f + b^, — / + b^, with —f + b 1 - at the vertical axis. Let be 
a transversal supplementary space of b in g and let P G H^(\)^ , d^]_ ^ ). Let also 
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where *i ! 6 is the left H® e ^(t)jr , d^l )— module structure of Cattaneo-Felder for the reduction space 
ff ( £) (-/ + (^ + b) X ,4 e 2, f) x). Then 1 is a character for H° e) {f)f ,d$ J. 



Proof. Either in [9] or in [2] Prop. 4.3. It is based in proving that H9J-f + b" 1 ,^ ) = R H an d that 
also H? e) (-f + ((, + bJ^df-Sb-O = K[e]. o 

Recall that in [9] § 6.2.1 the authors gave a precise definition of an 8-colored 1-form 9j 1 j 2 j 3 which in an 
abstract triquantization diagram interpolates the two 4-colorcd 1-forms of biquantization at the corners 
of the diagram. In § 6.2.2 they used the form Oj 1 j 2 j 3 in a triquantization diagram of / + b^, fj, / + &2 , 
where bi, b2 are polarizations of / in normal int ersec tion position (b, n (bi + ba) = fj H bi + f) PI b2), to 
prove that the character computed in Proposition 12. II is independent of the chosen polarization. Let now 

c e = (+, +, +)^i;e(gnf)n b)*, c e = (-, +, +) — > x c * e (b n b)7 *, 
c e = (+,-,+) —>JC e * 6 (gnb)V(bnb)*, Ce = (__+)_>*• e b*/(fl + W, (8) 
c e = (+, +, -) — > X* e (g n b)7(t) n b)*, c e = (-, +, -) — > x e * g rf/(0 + *>)*, 
c e = (+, -, -) — > x e * G flV(f) + b)*, Ce = (-, -, -) — > x e * g 7(fl + b + f>)*. 

be a coloring of graphs in the triquantization diagram with g* at the left vertical axis, — / + f) 
at the horizontal axis and — / + b at the right vertical axis. Obviously the colors in the right 
column of ((SJ) do not appear, but initially we need to consider ourselves in a triquantization set- 
ting. Let Ti,T 2 be the operators T x : Hfa(s*,d$) — ► Hfatyj; , b± ), F i-> F*i 1, and 

T 2 : HfJhi,d[i J — > .d^,, J, G ^ 1* 2 G, where * x corresponds to the left H° (fl*,dg)- 



module structure of H^(^,d^} ^ ± q ) and * 2 corresponds to the right H^(t)j^,d^l q )— module ; 

ture of 7 dgt' ^ q ) m the biquantization diagram of g*,bf- Let also := det g (j^j 

and VY G g set q^(Y) := qieX). Finally let /3 : S(q) — > U(g) denote the symmetrization, /3( € ) : 
S (e)(3) — ^ ^(e)(fl) the deformed symmetrization (the PBW Theorem still holds for S^(g), C^( e )(fl)), 
and /3 q ( e \ : S(q)[e] — > (U^(g)/U^(g)i)\ the quotient deformed symmetrization w.r.t a supplemen- 
tary q. Recall that the main result of [3] was Theorem 5.1 stating that the map (3. , e \ o d 1 o T x T2 



•1 



^(°e)(^A > d^l ) — ^> (C/( e )(0)/[/( £ )(fl)(]A) n is an non-canonical algebra isomorphism, where Ti := Ti|g(q)[, 



Theorem 2.2 Lei g be a real Lie algebra, f) C a subalgebra, and f G @* s.i f} is lagrangian with respect 
to f. Suppose also that there is a polarization b of f . Let finally qj, &e a transversal supplementary space 

of\). The linear map of (U(a(q) /Uu\{g)\) A to M[e] given by 

1CT-. (C/ (e) (0)/t/(e)(0)f)/)" — ^R[C] 

^T[o^ (e) W(/) (9) 
zs a character i.e Vu,w G (t / ( c )(0)/C^( e )(0)f)/)' 1 , 7ct(««) = 7ct(")7ct(v)- 

Proof. The proof is a combination of results of [9] with Prop. 12.11 Consider the triquantization 
diagram with g* at the left vertical axis, — / + h,^- at the horizontal axis and — / + b at the right 
vertical axis. Choose a transversal supplementary space qt,. Let P G H^(i)j-,d^± ^) on the horizontal 
axis approach the right corner of the diagram. By [5J, and Prop. 12.11 we calculate there a character 
for H9 J\j-f , d^l ). This character is 7 : P <-> j(P) where 7(P) = P *i & 1 and *i b is the left 
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H(e)(fyf>%± module structure of H^(—f+ (f) + b)^, d£± b± ). We prefer to denote the character on 

the right corner as P M- T^(P) := P*i,b 1. The action of exterior graphs deriving in the concentration is 
trivial, since we derive T^(P), a constant function on — / + (h + b) _L . Move now P at the left corner of the 




Figure 1: 

The operators T 1 and T^f at the left corner of the triquantization diagram forg*,— / + f) , — f + b . 

diagram. There we denote by * 2 h the right H?^(hf, d^l )— module structure of H? f s(h-f, d. hJ _ ) and 

by ^2 (P) = 1 * 2 .h -P the operator composed of W-type graphs on the left corner of the horizontal axis. 
Exterior graphs acting nontrivially on T 2 L (P), are nonzero operators that have edges colored by (+, + , — ) 
and (+, — , — ) according to the coloring @. The 1-form w^ lfe k (p, q) of 8 colors that we use to calculate 
the weight of such graphs, is zero if q is in the corner. So only egdes of color (+, — , — ), i.e with variables 
in (f) + b) 1 - can derive nontrivially at this corner. Thus we have to restrict T 2 L (P) in this direction and 
consider the restriction T 2 L (P)|_y + ( t|+b )i . Let Ti nt be the family of possible interior graphs, i.e graphs 
appearing in Pp, an d F ext the family of possible exterior graphs. Let also A — exp(^ Aer t A) be the 
operator coming from the exterior contributions acting on the corner, and B = cxp(^ Agr . t A) be the 

operator corresponding to graphs in T 2 L . The operator A consists of W-type graphs because all the edges 
arriving at the corner have the same color. That is, the graphs in A correspond to differential operators 
with constant coefficients. In this special case, we can write A(B(P))\_f + tf ]+b \± = A(B(P)\_f + ^ +b ^±) 
because A derives in the same direction as the restriction. That is, the color (+, — , — ) that carry the 
edges of A deriving B, corresponds to variables in (h, + b) x , the space where we have to restrict A(B). 
Let A(B(P)\_f + ^ +b \±) = Cf be the result of the evaluation of A on B(P)\_f + rf )+b \±. By [5], Cf is 
a constant function on — / + (f) + b) as it coincides with the evaluation T 2 R (P)(/) of the character 
P i-> T 2 R (P) of H® e j(b,j- , d^l ) at the right corner of the diagram. Since A is an invertible differential 

operator of constant coefficients, the fact that Cf is a constant function means that A acts trivially on 
P(P)|_y + ( [1+b )-L. So at the left corner, the map 

P h+ A(B(P)\_ f+{f)+b) ±) = B(P)\_ f+{t)+b y = T 2 L (P)|_ /+a , +f)) x = (1 * 2 ,(, P)\_ f+(f)+b) ± 

is a character of Etf e) (t)f, d^l ^ ). By Theorem 5.1 in [3], we write P as P = {T^)- 1T r\ o P~^ t) {u) € 
H( e -)(§f>d^l q[ )withu£ (C^(£)(0)/C^(£)(fl)f)/) f '- Thus since the map P i-> T 2 L (P) | -f+^+b) 1 - is a character 
for H^Cbfid^l ^), we get a character for (?7( e )(0)/*7( e )(0)f)/) , namely j C t ■ (^( £ )(0)/t / ( £ )(s)f)/) t ' — > 
R[e] with 7CT ( W ) = pf («)(/). 

Note for the future that the function (P( e )(g)/[/( e )(g)f)/) f ' 3 u h-> pf o/3 , e Ju) is a constant function 
on — / + (f) + b)- 1 . Also we didn't supposed so far that (t r (e)(g)/C^(e)(g)f)/) f ' is commutative. From [T7] 
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r+b 



p h PI 

Figure 2: 
The diagram constructing jct- 



the condition of existence of an O C A + f) s.t \fl G O the H ■ I orbits are lagrangian, is equivalent to 
the condition D(g, f), A) is commutative. In view of this we can construct a family of characters. 



Proposition 2.3 Let q be a real nilpotent Lie algebra, f) C a subalgebra and G, H the corresponding 
connected and simply connected nilpotent Lie groups. Let also A £ f)* a character oft), f € g* s.t /|f, = A, 
b a polarization of f and a transversal supplementary space. Suppose that 30 C A + fl^ non-empty, 
Zariski-open subset such that VZ € O, the H ■ I orbits are lagrangian. Then for every such I, there is a 

character of (f7 (e) (fl)/[/ (e) (g)h A )'' namely j l CT : ([/ (e) (g)/[/ (£) (0)h A )" — >R[e], u^T 1 o /3~* (e) («)(/)■ 



Proof. Since we are in the nilp oten t case, there is always a polarization for the element /. Due to the 
lagrangian condition, Theorem 12.21 gives us a character for each I £ O. 



2.2 Affine symbols and applications. 

Let g be a real nilpotent Lie algebra, \) C @ a subalgebra, A a character of f) and / 6 q* s.t /|f, = A. 
Let P( c ) £ H^(t)-^,d^l ) with P( E ) = J2" =0 £ l Pi- Recall that the terms Pi are not homogeneous and 

that H^(i)j;,d^l ) C S(-f + t) ± ) ® K[e]. We introduce the notion of "affine symbol", that is a map 
Lemma 2.4 The symbol map o~ a ff takes values in M.[— f + l)~ L ] = (S'(g)/S'(g)f)A)' 1 and is an algebra map. 



Proof. Let P( c ) £ H^Q)j^,d^l ). Recall from the proof of Theorem 5.1 in [3], that the first equation 

of the system £ Q fer? t ,rj t (Ei,fc, m ( B rL ( 5 f» t ( p n-l))\ e m+fe +')) = 0, equivalent to a Stokes equa- 
tion, was B\, a (P ) = which implies that P G R[-f + t)- L } f) . Furthermore, let a = J2kLo ek(X k e K I e ]- 
Then a ■ P (e) = J2Zo ^(E i+j =k ^ P i) G H ( ° e) (^, dg,,) ^ce P (e) G H ^, df] q ). In this 

case, (j a //(aP( c )) = ao-Fbj an( l similarly a a ff(Fu^ + G(a) = Fq + Go- For the product of P( e ),G( e ) G 
fl&jfot, dg,,)' let F W = Sr=o ^ G (£) = E^=o Then a aff (F (e) * CF G (e) ) = F G . o ' 
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Note however that cr a ff is not an injective map, since VP € P^ (f)^, d^± q ), F^0=^ a a ff(eF) = 0. 
Let now S($j, h, A) be the algebra S(g, h, A) := {o" a //(P( c ))/ P( e ) £ i?^(h^,d^ It can be equipped 
with a Poisson structure: Consider two functions P( e ) = X)"=o el Pi-> Q{e) — Sj=o e °Qj' with P( e ), Q(e) £ 
P ( ° e) (f)^g,). Thcn define 

-P(e) *CF Q( e ) ~ Q(e) *CF P( e ) ' 



{Po, Qq} ■= Vaff 



c 



where a a f f(Pu\) — Po,cr a ff(Q^) = Qq. This Poisson structure is well defined, that is, it doesn't 
depend on the choice of P( e ), Q(e)- Indeed, let P( e ) be another choice such that P( e ) — P( c ) = e • R. Then 

P{e) *CF Q(e) - Q(e) *CF P(e) = P(e) *CF Q(e) ~ Q(e) *CF P(e) + 4 R , Q(e)] with e[R, Q {e} ] G 0(e 2 ). Thus 

[P(£) f (g)1 = [P(g? f (e)] + [R,Q (e) ] with [P,Q (e) ] E O(e), and so 

/ P(e) *CF Q(e) - Q(e) *CF P(e) \ / P(e) *CF Q(e) ~ Q(t) *CF P(e) 

a aff " = CTaff 



As a corollary one sees that §(g,f),A) is a Poisson subalgebra of (S (g) / S (g)f) \) and furthermore if 

i d^l ) is commutative then §(g,h,A) is a Poisson commutative subalgebra of (S (q) / S (g)^ x)** ■ 

We recall the Vergne polarization for the sequence: Let g be a real (nilpotcnt) Lie algebra and let S be a 
flag of ideals go = C gi C • • • C g n = g of g. Let I e g* and P; be the corresponding Kostant form. Set 
Qi(l) = {l£ Q l /\/Y e fli, P/(A, F) = 0}. Then b;,s := 0™ =i fli(i) is a polarization called "the Vergne 
polarization" ( [5] ch. IV, Prop 1.1.2). 



Proposition 2.5 Le£ q be a real nilpotent Lie algebra, t) and A as usual. If [S(q)/ S(o)f)x) * s Poisson 
commutative then H?Jl)-^, d^l ) is commutative and H? e=1 \{fy\ , ^ijT ') * s commutative. 



Proof. Suppose that (5(g)/5(g)h A )' 1 is Poisson commutative. Since f) is nilpotent, (Frac(S (Q)/S(Q)i)x)) , 
is also commutative (see [5] ch.l, § 1.3.3 for this result of Dixmicr). Thus by [H], the H— orbits are 
generically lagrangian, that is 30 C A+f) x non-empty, Zariski-opcn subset such that V/ 6 O, dim(H-l) = 
| dim(CM). In other words, V7 6 0, b, is lagrangian with respect to i. Also, since g is nilpotent there is a 
polarization b/ for each I 6 (e.g the Vergne polarization). Thus we can apply Proposition 12. 31 and con- 
struct a character "f l CT of the algebra (U(g)/U(Q)t)\) t) for each I € 0. Suppose that H^(l)j^, dfl ) isn't 

commutative. Then 3P 1; P 2 e P ( ° e) (f)f , dg q ), such that Q := Pj * CF , e P 2 - P 2 * CF , e P x € P ( ° e) (hf , dg q ) 

and Q / 0. Set Q = Qq + eQi + ■ ■ ■ with Q non homogeneous term and Qq € R[— / + f)^]' 1 . We 
can also suppose without loss of generality that Qq ^ (if necessary we divide Q by an appropriate 
power of e). Then Jct(Q)(1) = Q 1 e K[e]. The term without e in Q 1 is clearly Qq(—1) so 
V/ G 0, Yct{Q)(1) = D => V/ £ O, Qo(—l) = => Qo = which is a contradiction by construction 
of Q. Thus Q = and Pi P 2 = P 2 *cf,e Pi- So P^(h^,d^ ^) is commutative and of course 

H? d^r ) is then also commutative, o 

( c=1 ) WA ' h^,q ; 

Let T be a central new variable and define qt '■= flffi < T > and h T := h© < T > such that dim(gy) = 
dim(g) + 1. Set also Ut{q) '= U(Qt) to be the U.E.A of qt and U(qt)^Y\ to be the ideal of U(qt) gen- 
erated by hj =< H + T\(H), H e I) >. Following ©, we have (C/(g T )/f7(g T )h^) f1r ~ D(g T , h T , A) =: 
D7-(g,h,A). One can also define as D( T=1 )(g, h, A) := By(g, (), A)/ <T— 1 > the corresponding specializa- 
tion algebra. Recall that in Theorem 6.8 of [5], we showed that H® t=Vj (t)j^ , d^!rj ) — ®(T=i)(fl; ^ The 

lagrangian condition ([3]) implies that H® e=1 ^ (f)^, dt 1 ') — D( T=1 )(g, f), A) is commutative as a corollary 
of Proposition ^. 51 
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2.3 The character from representation theory. 

Construction of a real character. We first define a distribution on G/B. Let g be a nilpotent Lie 
algebra, f) a subalgebra and A a real character of (). Let / £ g* s.t f\t) = A and b be a polarization of / 
with corresponding group B. In this section all characters are real, and if there's no confusion we'll use 
the previous notations for them. We denote as G£°(G, B, Xf) the C°° functions ip with compact support 
satisfying the equivariance condition for g £ G,X £ b,exp(X) = b, ^p(gb) = e~f( x 'ip(g) and define a 
distribution a(f) by the formula for ip £ (G, B,Xf), 

<a(f),TP>:= [ i>(h)efWd H/HnB (h). (10) 

J H/HnB 

Since the space < H + f(H), H £ f) > acts by zero on a(f), the algebra (L r c(fl)/C^c(fl)flA) f ' acts on 
In [3], Corollary 6.5 we proved that D(T=i)(g, fj , A) ^ ((f/(g)/[/(g)f)A) [1 ), denoted as i( e =i) the 
injective map i (e=1) : if ( ° e=1) (f)^ djTj 5 ) ^ ([/(gV^g)^)" and as P (t=1) (([/(g)/[/(g)f) A ) h ) the values 
at f = 1 of polynomial in t families t — > u t £ [(U (g) / U (g^tx)^) ■ 

Let 3 be the center of g. The proof of Theorem 11.11 was reduced to the case j C f), ker(f) n 3 = {0}. 
In that case dim(3) = 1, and if 3 =< Z >, and then there are X, Y £ ker(f) n g such that [X, Y] = Z, 
and g=< X > ®g where g := {W £ g/[W, Y] = 0} (see [13], § 4.7.7). Also, Theorem H~T1 was proved 
under the hypothesis that the character / was unitary. This condition was only used to establish that 
in the case h, C go, we have ((U(g)/U(g)^)if) t) ) = ((U(go)/U(go)t)if) t) ) ■ The triquantization setting we 
use d so far, concerned only the real case. Thus, before we proceed it's necessary to establish Theorem 
11.11 for a real character. 

Theorem 2.6 Let g be a finite dimensional Lie algebra, f) C g a subalgebra and A a character of f). 
Suppose that generically the H— orbits are lagrangian in A + f)^. Then for regular f £ A + f) s.t 
dim(f) • /) = ^ dim(g • /) and for A £ _D(y =1 j(g, (), A), dTf(A)(a(f)) is a multiple of a(f), and there is 

defined a character AjL,^ : D(T = i)(g, f), A) — > M such that 

dT f (A)(a(f)) = \{ T=1) (A)a{f). (11) 

Proof. The proof is based on the proof of [T5], Theorem 1. However, we'll need some modifications 
in the arguments, very important for the rest of the paper. We can suppose that 3 C f). Indeed, let K 
be the corresponding group of the Lie subalgebra 6 := f) +3. Since 3 C b, for i]j £ C^°(G, B, Xf) we have 

<ot{f),ip>= / tp{h)xxdH/HnB = / i'Wxp.dn/HnB = / fp(k)x^K/KnB, 

J H/HnB J HZ/(HZ)nB J K/KnB 

(12) 

where /j, := and Z is the corresponding group of 3. Then for X £ t, dTf(X)a(f) = — n(X)a(f) 

and thus (Uc{g) /^(fl)^)* ac * s on a (f)- Also, there is a natural projection J f : (U (g) / U (g)l) \) h — > 
(U(g)/U(g)ifi) t and so a natural projection j t : Dr T= i)(g, f), A) — > Dt T =i){g, /■*)• Thus if A £ 
D (T=i){g, f>! A) and A = jt(A) is its image in £>( T =i)(0, %, A»), then dr/(A)(a(/)) = d-r/ (A) («(/)). Since / 
is supposed to be generic and / G yU + t we can apply the induction hypothesis and there is defined a real 
character Ajf T=1 ) : D(x=i)(g, i, m) — > ^ which coincides with Ajf T=1 ^. So we can reduce the proof of the 
Theorem to the case 3 C t). Furthermore, let 3 := 3 n ker(f). Setting g := g/3 , t) := fj/g , we have that 
the conditions of the Theorem are satisfied for g , f) , / :— f \ > . Also, -D(T=i)(fl> fjj A) = -D(t=i)(s , , A) 
and a(f ) is H — semi-invariant. The character A^ T=1 ^ : -D(T=i)(fl , tl , A) — > R coincides with A^ T=1 ^ so 
we can further reduce the proof of the Theorem to the case 3 fl ker(f) = {0}. Then we distinguish two 
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cases: First, suppose that I) <f_ go- Let X s t)C\ker(f) s.t g = Qq(BX. Set also fjo = fyngo (dim f) < dim fj). 
Let mt £ U(qt)- Then uj- can be written as ut = J2 k X k where Vt € U ((qo)t)- Since X e fynker(f) 
and J7(gT)f)r ^ s tn e left ideal of U(qt) generated by elements of the form {H + X(H)T, H e ()}, we have 
for f)° := f) © < T >, 

{U(q t )/U{q t )^ t )" t ^ (c/((g o )T)/C/((go)T)0^)" T c (t/((g )T)/C/((go)T)^ A )' 4 . (13) 

Specializing (|13|) at T = 1 we get for the corresponding algebras of polynomial families that 

£>(T=i)(fl, f), A) c — > D (T=1) (flo, (Jo, A ). (14) 

Thus for m t e ((t/(g T )/C/(gT)f)T)' lT / < 7 1 - 1 >) = D (T=1) (g, f), A), and for its image through (O 
u° G (([/((g )T)/C/((go)T)fl^)" T /<r-l >) = £»(T=i)(flo,bo,Ao) with u T = <mod[C/(g T )^], we 
have A^ t=1 j(mt) = Ajfe, =1 N (it!p), following the corresponding computation at Theorem 11.11 For the 
proof of the case f) C go we need the following intermediate lemma: Fix a supplementary space q s.t 
g = fj © q. Let u € Uc{fi)- Let 7r.; tA denote the canonical projection 7r itA : *7c(fl) — ► U c {g)/Uc(Q%it\- 
We write u M- iru\{u). For H £ i), let d# : S'c(q) — ► Scfcj) denote the linear map defined by 
Q h-> (7Tj t A([i?, /3(Q)])). For n e N we denote as Uq — K and for n > as f/„(g), the vector subspace 
of U (g) generated by the products XiX 2 ■ ■ ■ Xk with X\, X^, ■ ■ ■ , Xk £ g basis variables and k < n. 

Lemma 2.7 For any n € N, the algebra {U n (g,) /Un^fyitx)* 1 depends rationally on t through the sym- 
metrization map fit- 

Proof. Let {Hi, ■ ■ . , H t } be a basis of Fj s.t X(H t ) = 1 and {Hi, . . . , Ht-i} is a basis of kerX n (). Let 
{Qi, . . . , Q r } a basis of q. To prove this Lemma, we check the kernels of the maps d^ , that is the elements 
Q a = QT ■■■ Qr r € Sfc(q) s.t 7r W A([ifi,/9(Q Q )]) = 0. We have that Vi, [H*,Q Q ] = E 7 ,a^ 5 Q 5 An. For 
G C, we have modUc(g)t) z \ that 

<5 7=(0,...,0,7t),i5 

Applying on ir z \({H i: (3(Q a )]) in order to argue in Sc(q), we see that the linear applications 
d^ correspond to matrices with polynomial coefficients, and thus we can do calculations in the field of 
rational fractions C(z). Our algebra of invariants corresponds to the common kernel of d# s . which 
depends in a rational way on z, with z generic. Indeed, let's first write A^iz) meaning the de- 
pendancc on z. Examining the dimension of the kernels fcer(d// i (z)) for generic z, (actually proving 
that Vi, j, dimc( z )(fcerd// i n fcerd^. ) = dimc(fcerdj^ i (z) n ker&Hj (z)) and that [fcerd^ n feerdij](z) = 
kerdHi(z) PI herdm (z)), we conclude that the linear maps d^ depend rationally on generic values of z 
to prove this intermediate Lemma. 

Before we continue recall that the orbit H ■ f is said to be saturated with respect to g^ iff H ■ f + Qq = 
H ■ /. We now continue the proof of Theorem 12.61 for the case f) C go- In this case, the condition of 
Corwin-Greenleaf (see (1) of equations (2.7) in [IT]) holds for the character itX and we have 

(U^/UciQ^ux)" = (C/c(0o)/C/c(0o)f} it A)' 1 - (15) 

This equation depends rationally on it, t E M.* . So if (TTSJ) holds for it, t € R*, it holds also for t in a 
Zariski-open subset of R and we write 

(U c ( g )/U c (g% x )" = (tf c (flo)/tfc(flo)&«0* , (16) 

but we cannot conclude that a similar equation holds for the algebra (tAc(0)/^c(s)f)A)''- This is the 
difference with respect to the proof of Theorem 11.11 which was about a unitary character. To overcome 
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this setback, we can use polynomial families t )-)• Ut G (Uc{go) /Uc(do)tytx) ■ This will allow us to 
continue the argument and it explains at the same time why the character at the Theorem's statement 

is defined for -D(t=i)(0! f)> A) contrary to Theorem 11.11 where the result holds for (Uc(q) /Uc(2)i)x) 1 ' ■ We 
argue as follows: Again for T such that [T,q] = 0, set q t ■= © R < T >, (g )r := 0o © K < T >, 
and t)r = {if + TX(H), H G f)} C gT- Since here f) c flo, we also have ()t C (go)r- Finally set 
U{qt) to be the U.E.A of qt and i7((0o)r) the U.E.A of (qo)t- Recall also that if fj c 0o, then 
V/ C O C A + the orbits H ■ f are saturated with respect to Qq . Using this fact we'll prove 
that ([/((floMMteoMdT) 1 ^ = (U(BT)/U{Q T )t)T) hT - First we have that I G ^ I = / + /iT* for 
/ e ^uA ( recai l that abusively we wrote f)^ = —A + fj- 1 ). Indeed for H G () we have that I £ 1)^ 
Z(if + TX(H)) = ^ Z(if) + l(T)X(H) = ^l = f + fiT*, f G f)^ A . Thus for I G f)£, X G T , we 
also have that X G f) T (0 ViT G f) T , if] = <s> ViT G fj, f([X, if]) = <=> X e f)(/)ffi < T >. 
Since for the data g, t), A and / G O C f)^ , the if • / orbits are saturated with respect to Qq, we have 
dim(f)(/)) = dim(f)(/ )) - 1, for / G O (see (2.7)-(2.8) of [T7]). Set O t ■= U^O. The set O t is Zariski 
open since O is itself Zariski open. Thus we have that for I G Ot, dim(fjT(0) = dim(f)<rG|( fl0 ) r )) — 1 
and so the Ht— orbits are saturated with respect to (flo)r C g T . Theorem 5.2 from [T7| along with the 
equivalences (2.7), (2.8) from [17], essentially prove that for generic / eOc f)^ , 

T>(qq, (j, Ao) = fj, A) ii • / are saturated with respect to g^. (17) 

Applying Theorem (JT7J) , for g^, f)r we get (again for C/c(fl)) 

(^c((0o)T)/t/c((0o)T)f)T) hT = (t/ C (0T)/t/c(0T)t)T)' lT . (18) 

Specializing (0 at T = 1, we have that the algebras ((U c {{qo)t) /U c {{Qo)T)t)T) t)T / < T - 1 >) and 
{(Uc(3t) /Uc{QT)^)T) t)T I < T — 1 >), are equal and correspond to the same polynomial family of oper- 
ators, namely 

£>(T =1 )(0o, tl, Ao) = £> ( t=i)(0, f), A). (19) 

Recall that -D(T=i)(fl; f)j A) ^4 (Wc(0)/^c(0)f)A) fl so in this case we can provide the Theorem only on the 
level of -D(t=i)(0, f), A). The character in this case is calculated accordingly with Theorem ll.il o 

2.4 The Theorem on characters 

Theorem 2.8 Let q be a finite dimensional nilpotent Lie algebra, t) C g a subalgebra, A a character 
oft). Let also P G if° e=1 ^(f)^, d^*' ) and u G _D( T=1 )(g, f), A) suc/i t/iat u = i( £=1 )(P). Then for generic 

/ 6 A + f) , i/iere is a pair (b^-, q/) smc/i i/iai 

7 1 ! o^ / 1 i(e) (P)| e =i(-/) = A( T=1) (u). (20) 

Before its proof we have to examine the conditions of Theorems 11.11 and 12.61 and check if the special 
case for which those Theorems were proved, can be applied also in biquantization without loss of gen- 
erality. There is an important difference in the initial conditions needed to construct a character with 
biquantization techniques and harmonic analysis. In the first case, the construction can be given "point- 
wise" . That is for a chosen / G A + f) such that the lagrangian condition holds, we create a character 
of ii" e=1 ) (f)/ , ^jTJ ) like in Proposition 12.11 If moreover the algebra (U(Q)/U(g)t)\) t, is commutative 

then we can extend the construction and create such a character for if(° £=1 ) , d^rj ) (recall that 

H(e=i)($\ i ^ l ) * s sma ll er than {U(g)/U(Q)\jx) tl ) at a generic / G A + ij^- In the case of harmonic 
analysis, the statement of fT5] Theorem 1 (which is Theorem 11.11 here) supposes the finite multiplic- 
ity condition for the representation t\. Thus the character of (U(q) /U{q) fj \) 11 is constructed there for 
generic / satisfying the lagrangian condition. But Theorem 12.81 refers to a (maybe) smaller algebra 
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■D(t=i)(0j I)j A) C (J7(g)/f7(g)f)A)' 1 - Its proof uses double induction on dim(g) and dim(f}). For this we 
proceed in three steps: First we prove that one can suppose that 3 C fj. This is done by showing that 
if instead of f) we use the Lie subalgebra I := f) + 3 from the biquantization side we always calculate 
the same character. Once this is established, we prove that one can also suppose that 3 n ker(f) = {0}. 
Again we are concentrated in the biquantization setting. The last part is induction on dim(g) where we 
distinguish the cases h, C 0o and () <f- 0o- 

First step: The hypothesis 3 C f). Let t = h, + 3 and K C G be its corresponding Lie subgroup. 
Note that the following Lemma is a pointwisc result. 



Lemma 2.9 Let q be a nilpotent Lie algebra, 3 the center of q, f) C pj a subalgebra, A a character of 
t), and f G A + f)- 1 . Let b oe a polarization with respect to f. Let also g = t) © qb &e a decomposition 
of q where q[, satisfies the transversal condition for the polarization b. Let 3 ^jfUj^jflqi, and set 
3<H := 3 n q&. Finally let t = f) ©3 qi , and q^, = 3 qii © V, i.e V is a supplementary of 3 q tl m q&. TTien 

Proof. Let P = £c Q z Q P Q , z Q e ^(jqJH, Pa E S(V)[e\. Set P := P\- f+t ±. In the equations 
defining the reduction algebra ([3] after Lemma 3.4) we saw that only two kinds of Kontsevich graphs 
arise, namely B— type and £>W— type graphs. Let's formulate the reduction equations for H?Jtj-, a^l y ). 

For this, let D n be the differential operator corresponding to a possible B n — type graph. Then D n (P) = 
J2c a z a D n (P a ). Examining the possible coloring in such a B— type graph, the edges deriving P carry 
variables from V. Furthermore, no vertex except the root of the B— type graph can belong to 3 qi , . Let 

D n ,P be the respective objects defined on the new supplementary V, in the decomposition q = t © V. 
Thus checking all cases of coloring for the decomposition g = f) © qt, we see that then 



D n (P) = D n {P). (21) 

With the same reasoning the Lemma holds for D n being an operator coming from a BW„ — type 
graph. Finally, since for the differential d^l ^ we have a^l ^ = J2 n D n , we have by ([2~1"T) 

Lemma 2.10 Let g, f), A, 3 oe as before, V be a vector subspace such that Q = (f) +3) © V and q suc/i that 
g = f)ffiq. Let / € A + f)^ and suppose the lagrangian condition holds for f . Letj^, T : (Uu) (fj)/£L e ) (5) (f) + 

3 )y)*+» — > R[e], u ^ Ti o^( e) (n) and 7cT : (^(fO/t/^fOM" — ► M[e], u ^ ^ o^J e) ( U ) be 
characters constructed as in Theorem \2/SX Then 

r i /V,(e)C«) = Ti o/? q ] £) (n)|_ /+(t , +3)i . (22) 

Proof. Let P = £ a z a Q a G S(q) with z Q e ff(3,)[e],Qa 6 Let u = £„, (e) (P) + ?7 (e )(fl)f)/- 

We have /3 qi ( e )(P) = 5Z Q z Q /3( e )(Q Q ). Set u = ^ z a j3(Q a ). Then from Lemma T2.91 the two characters in 
(|2"2l are well defined and equal, o 

We then consider the characters of the specialized algebras ^ct^ '■ H(e=i)(§\ > ) — ^ ^ an< ^ 

7ct _1 ^ : ^(°e=i)(^/ > d^jTy ) — ► R f° r which we'll have Jct 1 \ u ) = 7p^ _1 ^(?Z) (recall that the operators 
in Theorem l2.2l are composed of W— type graphs so intervention of 3 doesn't alter these computations). 
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On the harmonic analysis side, we define a character of f as /i := /|(f,_|_ 3 ). There is a morphism <5 : 
(U(qt)/U(qt)^t) {1T — {U{QT)/U(QT)^T) tT an d by specialization at T = 1 we get a morphism 

« ( T=i) : £> ( T=i)(5,f),A) — >D { r=i)(fl,«,M) C (t/(fl)/[/(fl)^) e . 

Then by Theorems II. II and 12. 61 we get that for it G L>(t=i)(0j b,, A), " its image in D(t=i)(q, £ 5 A 4 ) and 
A(T=i) the character of Theorem l2.6l for -D(T=i)(fl) 6, /x), it is A^< r=1 j (tZ) = A^ T=1 ^(u). So the constructions 
and computations from both sides match. Thus if Theorem l2.8l is true for g, the subalgcbra t = \) + 3 C g, 
and a polarization b, then one can take 

b':=bn(& + 3, l )ffibnv = (bn& + 3 q jffibnv = bn&©bn (3„ 6 + V), 

and prove the same fact for the subalgcbra fj and the polarization b' simply by taking for supplementary 
the space q = 3 qil + V. We thus saw that the character from biquantization can be calculated supposing 
3 C I] without loss of generality. For the analytic setting this was known from Theorems 11.11 and 12.61 

Second step: The hypothesis 3 n fcer(A) = {0}. 

Lemma 2.11 Let g be a nilpotent Lie algebra, f) a subalgebra, A a character oft) and} the center of g. 
Suppose that 3 C fj. Let q be such that g = f) © q, and set 3' := 3 R fcer(A). Let g' := g/3', fj' := fj/j' and 
let q' be such that g' = t)' © q'. TTien 



Proof. Since 3' C f) and q' is such that g' = h/ffiq', we have (q')* ~ q*. Recall that q* ~ f) . Furthermore 
(h') 1 - := {X G fl/Vr G h', X([X,Y}) = 0} and since again 3' C 3 and fj = h/ + 3', (b')" 1 = ^ Thus in 
the following diagram all the arrows are vector space isomorphisms. 



n- 

1 

q* 



Check the differentials d), and d,.]* , ,. Since b' = bit' ' , the graphs in d,, ' , , are the same with the 
graphs in the differential d'il ,. Then by [9] a change of supplementary space for [)> gives isomorphic 
reduction algebras so dg q ,) ~ F ( ° e) (h.f , dgj and so F ( ° e) (^ , dg q ) ~ flf e) ((b')x. ° 

Thus, under the condition 3' = 3 n kcr(/) = {0} there is no loss of generality for the character 
calc ulate d with biquantization. For the harmonic analysis setting this is also tru e from Theorems 11.11 
and 12.61 Thus we can now proceed to the last step in the proof of Theorem 12.81 under the conditions 
3Cb,, 3 nkcr(/) = {0}. 

Third step: Induction on dimg. 

Under these conditions we have dim(3) = 1. Let 3 = M.Z. Then there are X, Y G gC\ker(f) such that 
[X, Y] = Z, f(Z) = 1 ( p § 4.7.7). If we also set g := {W G g/[W, Y] = 0}, then g = g + < X > (g 
is an hyperplane and codimension 1 ideal). In his proof, Fujiwara supposes that b C go- As we'll see this 
implies a particular choise of q ^ . We proceed by induction. For dim(g) = 1 the Theorem is true since 
t) = g and (U(g)/U(g)f)x) l> = M. Suppose by induction that the Theorem is true for all nilpotent Lie 
algebras g such that the lagrangian condition holds and dim(g) = n — 1. In the case of go, the induction 
hypothesis holds for go, I), Aq = A| Bo . For the final step of the induction, we consider two cases: 
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Case h, C 0o- Since f) C 0o, let V be such that 0o = f) © Y. Applying the induction hypothesis to 
0o, f)) V, one can take q := Yffi < X > as a new supplementary in order to prove the claim for g, f), q. In 
biquantization terms we have that 

ff(° e =i)0)f ,<rj) = ff ( °e=i)(f>A ,<r; } ), (23) 

where the first is considered as a subalgebra of S(go) and the second as a subalgcbra of S(g). Indeed, 
(J23J) holds: [3], Theorem 6.8 in view of @SJ) says that 

ff(° 6 =i)(f)f ,$T$) = »(T=i)(0o, f), A ) - B (T=1) ( , f,, A) = fl^ijO^dJj;?)- (24) 
Finally since i (e=1) (H ( ° £=1) ([)f , d^)) = P (t=1) {(U ( Qo ) / U (g )t) and i(e=i)(H ( ° e=1) (^, <^j>)) = 
V(t=i) ((C/( )/C/(0)tlA) f '), we can write i (e =i)(H ( e=1) (^ , dgj)) = P(t=i) ((^ (^M^a)*) = 

= ^(t=i) ((^(floV^Xoo)^)'') = i(e=i)(-ff? e= i)(^A j rf^jTy)- Thus we proved that all spaces and algebras 
behave in the same way in our induction on the harmonic analysis and the biquantization side. 

We prove now that the calculation of characters also coincides. Indeed, since b C go, the distribution 
a(f) can now be considered as a distribution on Gq/B and so by (fT9")l , for the characters A{ t=1 ^ : 

D(t=i)(q, fy, A) — > M, and Af T=1 s : £ ) (T=i)(flo ) fy, A) — ^ K we have A/ t=1 n = ^ T=1 y Indeed, in the 
biquantization side, equality (|23[) suggests that every P £ H( e= i)(fy\, c^jT^) can be written as an element 
of S(V). Thus since t) C 0o, b C 0o, at the corner of the biquantization diagram of — / + b 1 ^ and — / + b, 1 - 
where the character jct ■ H( e )Q)x > ^1 q ) — > K[e], P i— > X^|_^ + ([, +l ,)i (P) is calculated, we see that 

all components involved in the computation arc in 0o- Thus if 1 : ^(° e= i)(f)A > ^t'vO — ^ ^ * s ^ e 

character computed for go, I), A , we have that for P G H® e _^(b,j; > ^jt^): 7ct 1 ' > C) = 7ct C^O- Apply 
the induction hypothesis for 0o, f), Ao to prove the Theorem in the case f) C 0o- 

Case t) <£_ 0o- Set again f) := 0o H b- Suppose that for dim(0 O ) = n — 1, f)o 5^ f), the claim 
holds for 0o,f)OjAo := A| 0O . Let J7(go)f)oA denote the ideal of U(qq) generated by the family of el- 
ements < H + \q(H), H G f)o >• Since t) <f_ 0o, we can use the same supplementary to pass 
from 0o to 0. That is we write Q = f) © q and 0o = f)o © q- Regarding the reduction algebras 

flfo(&A , ^(°)(^.4t,q) we have now that KM^tiJ c ff (°e)^oA>^, q )- Indeed the 

condition f) ^ 0o implies that there is Y G t) s.t Y <£_ 0o and so a decomposition = q © f)offi < Y >. 
Then since 0o = q © f)o is an ideal of 0, we have [qo,q] C 0o which means that [Y, q] c 0o and so cffl 

contains all the possible graphs in d'fl and additionally those that the variable Y is associated to the 
edge eoo. Thus ff ( ° e) (fjf, d^ q ) C P ( ° e) (f)o A , c£*l q ), and specializing at e = 1 we have # ( ° £=1) (Pjf, c 
^(e=i) O&OA' ^ e ^ 1 q)' With respect to the computation of the character from harmonic analysis in Theorem 
9, we have in this case that for u T G {(U (qt) /U (qt^t)^ 1 ' / <T — 1>) = £>(T=i)(fl, f), A), and for its 
image u° T G ((l7((0o)T)M(flo)T)$ A )* T / < T - 1 >) = £> (T =i)(flo, Go, A ) with u T = U »morf[C/(g T )^], 
A(t=i)( Ut ) = ^(t=i)( u t)' Respectively in the biquantization setting, the supplementary q as we 
said is now in go- Since also b C 0o, the calculations for 7ct : ^( e )(^Xi , y q ) — ^ -"^H are tak- 
ing place in go- So if ~/'A T : -ff? f i(f)o\i ^ix ) — ► ®[ e L i s the character computed for 0o,f)o,Ao, let 

7ct 1) : f(° e =i)(f)oX> 4^,qo^ — ^ M and : ff (Ui) (^A > — ^ ^ be the corresponding charac- 

ters defined on the specializations. Then we get that for P G P| ) e=1 ^(()f , o?^"^) C P(° e=1 )(f)oA> <^]_ () ), 
we have 7^t 1 ^ (P) = ^CT^iP)- ° 
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It is important here to note that the construction of the character jct(P) = T\ o /3 q (P) depends on 
the choice of the supplementary space q/. Since this space is chosen with respect to the polarization b/ 
the character also depends on b/ . This is in contrast with the representation theory character u i— > A/ (u) 
which, as was noted before, is independent of the polarization used. So to prove the equality (|20j) . we 
have to choose b/, q/. 



3 On an example of H.Fujiwara. 

In this section we discuss an example of H.Fujiwara to show the importance of the transversality condition 
between the polarization and the supplementary of t), and provide a character formula. For the choise 
of q made originally by Fujiwara, we show that there is no polarization in transversal position 

b = bnq + bnf) (25) 

with respect to this specific q. Then we verify that the *— product for S(q) i> in this case is the Moyal 
product and make evident that the symmetrization map /3 q : S(q) [) — > (Uc(g)/Uc(g)^\) t ' is not an 
isomorphism of algebras for this choise of q. Afterwards we compute a transversal choice qv of q for 
the Vergne polarization. The symmetrization operator /3 qv is subject to change if we change A and as 
a consequence /3 qv isn't an isomorphism of algebras. Instead we suggest that /3 qy is an isomorphism of 
algebras only when it is evaluated on I G A+f) . This is verified on the generators of S(q) t '. The operators 
TijTg are trivial in this example so j3~^ gives a character for (Uc{g)/Uc(g)i)\) [] ■ All computations that 
are left out can be found at [2] § 5.5. 

3.1 Description of the example. 

Consider the real, nilpotent Lie algebra g, generated by elements X, U, V, E, Z, with non-zero brackets 

[U, V] = E, [X, U] = V, [X, V] = Z. 

Let A = E* G 0*, and consider the Lie subalgebra h, = M.X © M.E of g. Let }(Uc(q)) be the center of the 
cnvelopping algebra Uc(g), and take the elements 

A = 2UZ -V 2 , W = A- 2EX 

of Uc(g)- A is f)— invariant and also [g,W] = with W & $(Uc(g))- For I e A + f)- 1 ~ R 3 , we have 
fl(0 = }{g)+R(X -1{Z)U +l(V)V). As EX G U c {g)i)x =< H+X{H), H 6 f) >, A and W are in the same 
coset modUc(g)t) so represent the same element of i), A) ~ (Uc(g) /Uc(g)i)\) [ ' 1 ■ The algebra B(g, f), A) 
is commutative as the H ■ I orbits are lagrangian. Indeed, both t), \) 1 := {A G g/VB G f), I ([A, B]) = 0} 
are isotropic subspaccs with respect to I. Let now q =< Z, U, V >. For this choise of supplementary 
space, we have a symmetric space = f)©q. To calculate the algebra S(q) t) we first calculate the coadjoint 
orbits of H ', the associated to f) connected, nilpotent Lie group. With the appropriate parametrizations 
and eliminations one eventually finds that 

S'(q) 11 ~C[Z,2ZU -V 2 }. (26) 

For the choise q =< Z, U, V >, we have by direct computation A 2 = 4U 2 Z 2 - 4Z/3(UV 2 ) + V 4 = /3(A 2 ). 



3.2 First choise of q. 

Let now A = 2U Z — V 2 denote the element of S'c(q)''. Since the choise q =< Z,U,V > makes (f), q) a 
symmetric pair, we know that H? e Jt)^, dfl ) ~ (5c(q)^ [e], *cf)- In ch.3, it is proved that in the 



3 ON AN EXAMPLE OF H.FUJIWARA. 



17 



case of symmetric spaces, the *cf~ product coincides with the product given by the function E(X,Y), 
where 

E X (X,Y) :=eMKH(X,Y)))E(X,Y), B„(exp(X), exp(Y)) = E X (X, Y) cxp(X + Y), 

A 6 I)*, X,y 6 q, and is the product defined in [5], §1.4.1. Furthermore, in this example, we may 
see q as a symplectic space, suggesting that actually the *— product in S{(\) i] is nothing else than the 
Moyal product *m- Calculating this product and powers of A we take U *m V 2 — UV 2 + {U, V 2 } = 
UV 2 + Mi 2 fg • f£ = UV 2 - V and V 2 * M U = V 2 U + {V 2 7 U} = V 2 U + M 2X f£ • §g = V 2 U + V. 

Thus, in Sfa)*' we compute: 

A * M A = (2ZU - V 2 ) * M (2ZU - V 2 ) = <1Z 2 U 2 - 2Z(U * M V 2 ) - 2Z(V 2 * M U) + V 4 = A 2 (27) 



In order to prove an isomorphism of algebras (5c(q) fl , *m) — (5'c(c|) f| , ■)) problems arise with powers 
A k , and A k , for k > 3. To attack the problem from both sides, we want to compute A 3 for the Moyal 
product. For this, we use the graph description of *m- Putting A 2 , A on the horizontal axis, we run 
over the possible nonzero graphs to construct *w After this check and taking in mind the coefficients 
coming from the Lie bracket and the formula of *m, one finds 

A * M A * M A = A 2 * M A = A 2 ■ A + ^A 2 ■ ^A = A 3 - I ■ 8Z 2 ■ 2 = A 3 - 2Z 2 , (28) 

where in the left hand-side we have the Moyal product in <S<c(l) \ and in the right-hand side the ordinary 
product in S'c(q) 11 . Thus, it is obvious that /3 q : (Sc(q) 6 ,-) — > (^c(o)/t/c(fl)f)A) h , for q =< Z, U, V > 
is not an isomorphism of algebras. As an immediate consequence, for ( e A + I) 1 , the map 

(U c (Q)/U c ( Q )i) X ^ 3 A^ (3- 1 (A)(1) 
isn't a morphism of algebras, i.e a character of (Uc(Q)/Uc(Q)i}\) t) ■ 

We claim that to construct such a character, one needs to select q in a transversal way with respect 
to a given polarization b and the subalgebra fj and then evaluate on /. In this example the particular 
choisc of q made so far is not transversal to any polarization. 

Indeed, let q = M < U,V,Z>. This is an f)— invariant supplementary space of f), isomorphic to 
g/f). As dim(g) = 5, dim(fl(Z)) = 3, a polarization b has to be of dimension |(dim(g) + dim(fj(Z)) = 4. 
By definition of the polarization it has to be g(l) C b and by checking the dimensions, g(l) will be a 
codimension 1 subalgebra of b, so an ideal of b. So finding a polarisation b, is the same thing as to find 
a vector Fej such that Y £ q(1) and [Y, q(1)] C q(1). 

The condition Z([Y,g(Z)]) = will be always satisfied by the definition of g(l). It turns out that we 
have only one possibility for Y. Indeed, since VZ e A + b/, g(Z) =< E, Z > ®R(X - l(Z)U + i(V)V), 
is of codimension 1 in b, it is also an ideal of b. Thus, it should be [Y,g(Z)] C g(Z) and in particular, 
[Y, K] C g(Z), where K = X - l(Z)U . Assume that Y = aU + bV. Then [Y, K] = -aV - bZ - l(Z)bE 
which has to be in g(l). This means a = and so Y = V. Thus, the condition ([23]) is not satisfied and 
the choisc q = R < Z, U, V > for the supplementary of () is not transversal to any polarization b. This 
explains the fact that /3 q is not an isomorphism of algebras as we already calculated in (|28[) . 



3.3 A transversal choise of q. 

Let Z <G A + b / - L . For such an Z and choosing the flag S as 

0i = RE, g 2 = RE&M.Z, 3 = RE®RZ®RV, g 4 = RE®RZ®RV®RX, q 5 = RE(BRZ®RV®RX®RU, 
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then one can compute the Vergne polarization with respect to these data and get 

b v Q,S)=<E,Z,V,K>, q v =< Z,V,K > . (29) 

for I e O = {/ e A + h^/fiZ) ^ 0}, and K = X — 1{Z)U + l(V)V. This is a transversal choise of q and 
we also compute that T± q v = 1. An important remark here is that by is the only possible polarization 
in this example. 

3.4 Comparison of the two choises. 

We denote as q;, instead of qv, the transversal choise suggested by the Vergne polarisation. This 
makes sense, as q; in (j29j) depends on ! 6 A + b, ± . Let also /3 q : Sc(q) — > (Wc(fl) /Uc(o)t)\) and 
/3 qi : Sc(qi) — > (Uc(&)/Uc(Q)b,\) denote the corresponding symmetrization maps for each choise of qfi. 
Let Ti be the irreducible representation associated to the orbit G ■ I by the Kirillov map and let ati be 
the element of (Hf°°) H ' x * defined in ©. As W 6 }U c (s), we have that ^(W 3 ) = P~ x (Wf, and we 
calculate the action of A and W on ai through the induced by g representation of Uc(q) on (H i _ °°) H ' Xx : 

dTr°°(A)ai = d7j-~(W)a, - ^(A^ai = (l{Vf - 2l(Z)l(U)) ai . 

Also, 

drf °°(A 3 )ai = &T-™{W 3 ) ai = l3- l {W 3 ){il) ai = (l(V) 2 - 2l(Z)l(U)) 3 a t . 
However, if we calclate directly in S(g), we get 

/T 1 (A 3 ) = (2UZ - V 2 ) 3 - 2Z 2 E 2 , (30) 

that is 

dr^iA 3 )^^ rHA 3 )^. 

We will show now that (3 qi : Sc(qi) — > (Uc(q)/Uc(q)\)\) induces a character A ^ f3~ x (A)(1) for the 
algebra of invariant elements when evaluated on I 6 X+b,^- Take again K = X — l(Z)U, qi —< Z, V, K >, 
A = 2UZ - V 2 . Then 

A = 2UZ - V 2 = 2Z (^zy) ~ V 2 an d A = [-^ - V 2 } mod Uc( 3 )bx- 

Thus, j3~^(A) = —■jf^y — V 2 which is well defined as we supposed that 1{Z) ^ 0. When evaluated 
on I, we have P' 1 (A)(1) = -l(V) 2 - 21{K) = -l(V) 2 - 21{X) + 2l(Z)l(U) = A(l), and the same for 
A 2 : p-*(A 2 )(l) = A 2 (l), fi- l {A 2 ) = A 2 . We'll see now that ~^(A 3 )(l) = A 3 (l), while P~ l (A 3 ) ^ A 3 . 
Indeed, this is because one has to change qi when l(Z) changes. 

Let E = E - jjfy, K = U - j^L. Then [K, V] = E - JL = E, [X, K] = V = [X, U}. Thus the Lie 

algebra g of the example, is isomorphic to q =< E, X, K,V, Z > and in particular, setting f) =< E, X >, 
q = Q/b, is a symmetric space. Then I G f) 1 - since l([K, V]) = 1(E) = and we fall back to the case of 
a symmetric space without a character. 

In that case, we know that the symmetrization map /3x : S'(qc)' 1 — > (J7c(fl)/t/c(0)f)) f ' is an isomor- 
phism of algebras. Here, 2KZ — V 2 is again fj— invariant and by the theory of nilpotent symmetric 
spaces (see 0]), we get (3((2KZ - V 2 ) 3 ) = (2KZ - V 2 ) 3 modU c (B)b- 



2 We can't take directly the invariant subspaces here as q; isn't h— invariant. 
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On the other hand, as polynomials, 2KZ — V 2 = A on fj^-. Also, since [A, X] = [A, Z] = we may 
write 

(0 x y\ f '?x y\ 

A ~W)) ^ A3modU d&)^ ( A -Wzf) ^ A 3 modU c ( Q )i 

By the fact that g ~ g and ([50]) . we can rewrite for g and the symmetrization map (3 : S(qc) — > U(qc), 

P~ l {{2kZ - V 2 ) 3 ) = (2KZ - V 2 ) 3 - 2Z 2 E 2 . 

Conversely, in U(qc) 

(3{{2KZ - V 2 ) 3 ) - 2Z 2 E 2 = (2KZ - V 2 ) 3 = A 3 modU c (8)i)\, 
since 2KZ — V 2 = A - wp Finally, modUc{Q)fy\, wc have E = 1 - and so 

A 3 = /3 qi (A 3 ) 2Z 2 (1 j^) 2 = (3 qi (A 3 2Z 2 (1 ^) 2 ). (31) 

One can see clearly here, that /3~ 1 (A 3 ) ^ A 3 but ^~ 1 (j4 3 )(/) = A 3 (l) as the second term at the right 
hand side of (|31[) disappears when we evaluate on I. 



3.5 Isomorphism of reduction spaces. 

We have calculated that H^(t)j; , dfjfl q ) = ^(q) 11 ^] =< Z,2UZ - V 2 > [e]. For the transversal choise 

by, qy, we can simply take K — X — l(Z)U as V is already in the supplementary space. The question 
here is to compute the isomorphism 

We have to describe first the product in H^(1)-^,d^± ). The pair f) ffi q; is almost symmetric, 

since the only non-convenient bracket is the [K, V] = Z — l(Z)E 6 3(g)- This means that the *— product 
we are looking for, will be the sum of the Moyal product and some extra terms coming from this bracket. 

We follow the approach in [9]. Finding the vector field v, we proceed to the solution of the differential 
equation 

dfi t = [DU^(v)^ t ], (32) 

where U is the L^— quasi-isomorphism of Kontsevich, ir t = e tadv ■ ir = ir + t[v, it] + ^[v, [v, w]], fit = 
U(e 7Tt ) and the hat denotes the partial Fourier transform. To do so, one has to check the possible graphs 
with non-zero contributions for the operator DU: 

The change of basis 

{X, E, Z, V, U} — > {X, E, Z,V,U~ X/l(Z)}, 

is non-singular for 1{Z) ^ 0, i.e for I E O. Thus after the construction in [3] we write v = j^jdu- 

According to the brackets from the data of the example, the Poisson vector field it here is described by 
three diagrams as shown in Fig. 3. The computation of [it, v] consists in gluing the graphs of the two 
vector fields v,ir and searching for non-zero graphs. This gives, that [tt,v] = ttov + vott corresponds 
to the graph in Fig. 4. 

Thus, iTt = TT + t[ir, v] and according with what is just said, ir t can be expressed in graph terms. Next, 
one checks the graphs in the expression of the operator DU nt (v). In general, the graph corresponding to 
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Figure 3: 
The nonzero components of tt 




Figure 4: 

At the left, the vector field v and at the right the bracket [it, v] 




At the left, how the operator DU^ 



Figure 5: 

looks like and at the right two a priori nonzero graphs. 



this operator, will receive a colored (€ f)*) edge from the horizontal axis, which goes either to a vertex 
of the graph or leaves to infinity. In the first case, there still has to be a colored edge leaving to infinity, 
which narrows down the open possibilities for graphs. In our example, and after the graphs appearing in 
tt, the ground edge leaves to infinity, so we search for contributions among the different types of graphs 
listed in § 5.5.1 of [9] and which we recall in Fig. 6. 







Figure 6: 
Possible graphs for DU- Kt . 
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Using among others the argument that U isn't in the derived algebra [g,g] of g, we are left with two 
nonzero graphs for DU 7rt , and after calculating their weights (equal to i), 



1 3 tZ 



m ^ = i2\wf u -Kzy dtj )- (33) 

As a special but simple case, the graph in Fig. 7 is also zero because when we'll later evaluate at 



Figure 7: 
Another zero contribution. 



I e {£ / £|fj = A|(,} we'll get = from v = —j^du, A = E* . Graphically, the operator DU„ t is 
given by the sum at Fig. 8. 



Figure 8: 
The solution graphically. 

DU 7rt is a commuting family of operators and so the solution of equation (|32j) is 

e ft DU ^ dt . (34) 

As far as it concerns relations between (i? ( ° e) (()f , d^l ), * M ) - (H^(t)^,d^l ), * Ml ) and (t/ c (fl)/^c(0)f)A)' 1 
we can write 

p- x {{2UZ - V 2 ) 3 - 2Z 2 ) = A * M A * M A = A 3 - 2Z 2 , (35) 

AZ 3 2Z X 

p-\(2UZ - V 2 ) 3 - 2Z 2 ) = (2UZ - V 2 ) 3 -2Z 2 + — - —. (36) 
Indeed, for t = 1, 

B Ml ((2UZ- V 2 ) 3 - 2Z 2 ) = e [ ^) {1 ~^fzi )a3u \(2UZ - V 2 ) 3 - 2Z 2 ) = 

2\3 nry2\ 4Z 3 2Z 4 



{{2UZ - V 2 ) 3 - 2Z 2 ) + 



l(Z) 1{ZY 
Thus a first formula that one can derive is 

z nq3 1 



P m \A) = etiabr^-aife)*]^- 1 ^). (37) 



So after evaluation at i, we get 

^- 1 (^ 3 )(0 = a 3 (0, 



(38) 
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and (A)(1) = j3„ 1 (A)(l) by ([3"T|). If 4>{A) is the polynomial associated to A, this in turn implies that 
the map 

(U^/Ucis^x)^ 3 A^ 

is polynomial. Let B = P(A 7 Z), B = P(Z, A) be two polynomial expressions in <Sc(q) f ' and (Uc(s)/Uc(d)i)\) 
respectively. We will omit the bar for Z in B as no confusion arises. Since we have verified the isomor- 
phism on the generators A, Z ^ one can write 

p- 1 {B)=e-^z d vB, (39) 

where /3~ 1 (i3) = B = P(A, Z). The numerator of the exponential here is justified by the fact that we 
haven't yet evaluated at I so by (|37l) . j^(l — jz) ~ Sz - ^ n eas y calculation with equation (j39|) verifies 
that /3~ 1 (A 3 ) — A 3 — 2Z 2 as calculated by means of the Moyal product in (J2SJ). So the final formula we 
get is 

^(B)(l) = e"W)^B(0. 

As a conclusion, we see that under (|25l) . the map /3 q2 becomes an isomorphism when evaluated on 
I £ A + f) 1 constructing a character of (Uc(g) /Wc(fl)f)A)^ ■ 

This way we verify and generalize the result of pp. There the authors prove the isomorphism 
(^{s)/U(8)ff) i> — (S '(g) / S (g)(1) 1 ' in the case where exists a common polarization for all elements I. In 
that case, there is an obvious choise of supplementary q/ suggested by the condition (J23). We generalized 
this result, by showing that whenever there isn't such a convenient polarization, in order to construct a 
character one has to choose q/ transversally with respect to bi, f) and then evaluate j3 qi on I. 

On the other hand, these methods permit us to compute explicitly the pseudodiffcrential operator 
appearing in the character formula and composed with ft^ 1 . This way we can write down the formula 
of the character, a task almost impossible otherwise. 

Theorem 3.1 Let g be the real nilpotent Lie algebra, generated by the elements X, U, V, E, Z , with non- 
trivial brackets \U,V\ = E, [X,U] = V, [X,V] = Z. Let A = E* £ q* , and consider the Lie subalgebra 
f) = RX ®RE o/g. For q =< Z,V,U > and q ; =< Z, V,X - 1{Z)U + l(V)V > with l(Z) ^ 0, we have 
that for ue(U( 3 )/U( 9 )h, x )\ 

p-^iu) = e [ ^) {1 -^ )d ^ ] p- 1 {u), (40) 
and ifv is a polynomial in (U(q)/U(q)\)x)^ then ^ q _1 (w)(/) = e~ ln7 W ,9 ^/3~ 1 (u)(Z). 
The map 

jct ■ v i — y (e [ls ^ ( - l ~'^^0~ 1 (v)\ {I) 
is a character of (t/(g)/f7(g)f) a) [ ' • 
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3 We didn't actually verify it for Z but this is trivial as it is a central element. 
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